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The antiplane problem of wave excitation in a two-layered medium consisting 

of an elastic layer and a rigidly connected half-space, set in oscillation by a 

stamp, is considered. On the basis of the physical principle of ultimate absorp- 

tion [ 1, 21, the problem of the oscillation of a source 
on a surface is solved and consequently, the integ- 

ral equation of a mixed problem is derived. A de- 

tailed study of the dispersion equation by using an 

electronic digital computer preceded the solution 
of the problem. The solution of the contact prob- 
lem is constructed and a numerical analysis is made 
of the solutions obtained for specific values of the 

parameters. 

1. The case is considered when forces ‘tXy = 
Re [z (2) e-zwt] independent of the z coordinate 

Fig. 1 
are applied to a surface layer of thickness h in the 

domain X &---A, Al (Fig. l), and there are no 
normal stresses. The oscillations are assumed steady-state. 

Then applying the principle of ultimate absorption by the Fourier transform method, 

we arrive at the following formulas describing the displacements UJ (r, Y, 1) and wl (x, 
Y7 ‘) for the layer and the half-space, respectively : 

w (z, y, t) = Re [Wl(z y) ~~“‘~1 9 (1.1) 
a 

w(w)=& ’ 
a 
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(1.2) 

Here 

J  =_s Y z 
h ’ 

!, .= - ( 
h 

z -= - , 
h 

2 -f,h, [= $, /L _T;; 

The contour 1 coincides with the real axis if the integrand has no zeros and poles on 
the real axis. Otherwise, the contour I deviates from the real axis, passing below the 

positive singularities of the integrand, as a rule, and above the negative singularities. 

Setting !I 2-- 1 in (1. l), we obtain the displacement of the layer surface, which can be 
written as a 

M~,,(X, t)‘Ilc![lI’,(s)e-‘~~], W”(.+& ’ x-(x-_)z(~)d~ 
s 

(1.3) 
-_(1 

An analysis of the integrand showed that the nature of the wave depends substantially 
on the relationships between the parameters characterizing the properties of the mater- 

ials. Waves do not generally originate for certain relationships. 

For t: < 1 the integrand in (1.1) evidently has no real roots, i.e. no waves can ori- 
ginate. In this case it can be said that the layer is “stiffer” than the half-space. In the 

case E > 1 , zeros and poles of the integrand appear on the real axis. Their number in- 

creases as o grows. The behavior of the neutral zeros at once permits indicating the 

phase velocities and the number of waves originating on the layer surface in this case. 

2. In the case of the mixed problem, (1.3) is an integral equation to determine the 
contact stresses. To solve the integral equation, we introduce the approximation of the 

function A’ (a) for ~1 = 2, E = 1.4. The function K (a) hence has the pole ~1 = 2.513 

and the zero t;l =; 2.005. The approximating function is a polynomial with complex 
coefficients. The error in the approximation does not exceed lo%, where it is practically 

zero for a > 4 . The approximating function can be written as 

H (U, (a2 - 51’) 
K(a)= - 

l/ay JO0 (a‘L - z,?) 
(2.1) 

li (u) = (~2 - a,:) (a’ - a$) (a? - a$) (a* - 2.1~) 

(9 + 25)” 

al = 1.838 + 1.149;, a2 ; --u.II~~ + 9.7541, ~3 = -3.769 + 6.5391 

czq = 3.4il -1 6.823i 

The legitimacy of the approximation can be given a foundation excatly as in [3]. The 
function K (a) admits of factorization relative to the contour 1‘ [1] 

A’ (a) = K, (a) Ii_ (CL) 

(2.2) 
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Representing the function .Y (IX) in such form, the method in [Z] to construct the solution 

of the integral equation (1.3), as well as to find the displacement of the layer surface 

outside the stamp, can be used directly. 
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Fig. 2 

/ 
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Fig. 3 

Without limiting the generality, let us set W,, (5) = ei”*. The real poles of the func- 

tion K, (a) are denoted by -Zk, k = 1, 2, . . ., tv, and the real zeros by -&, i = 

1, 2, . . * ) n. They are all negative. Then the solution of (1.3) can be written in the 
general case as 

Here A j& are elements of the inverse matrix bf 
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if 
K+ (cl) eSaiLL K+ (i&,) e”nii7L 

K+‘(-mtc1+51) . . . * /C+’ (- 574 (51 -t in) 
A+-= . . . . . . . . . . . . . . . . . . . . . . . . 

pim e-ina 
\ 

(5 - q) K- (11) ’ (5 + ‘1) K+ 01) / 

The expression for &IT0 (z) has the form 

The values of the functions ‘G (z) and W,, (2) for the approximation (2. l), (2.2) are com- 

puted on an electronic computer for n and ~4. Presented in Fig. 2 are graphs of the real 
(solid line) and imaginary (dashed line) parts of r (x) for the case of a rigid flat stamp 

with a = 1 and 9 = 0 (a) and for a = 9 and 11 = 0 (b). Presented in Fig. 3 are graphs 
of the real and imaginary parts of W. (r) for n = 1, and q = 0 (a) and for n = 6 and 

r4 = 0 0). 
The author is grateful to V. A. Babeshko and I. I. Vorovich for valuable comments and 

attention to the research. 
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